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Description of the physical problem

We consider that
the interaction problem takes place
in an infinite layer R2 × (−1, 𝜀),
it is 1-periodic with respect to
x1, x2.

The periodicity domains for the fluid and
for the elastic layer respectively are{︂

D− = (0, 1) × (0, 1) × (−1, 0),
D+

𝜀 = (0, 1) × (0, 1) × (0, 𝜀)

The boundaries which do not correspond
to the periodicity conditions are⎧⎪⎨⎪⎩

Γ− = {(x1, x2,−1)/(x1, x2) ∈ (0, 1)2},
Γ0 = {(x1, x2, 0)/(x1, x2) ∈ (0, 1)2},
Γ+
𝜀 = {(x1, x2, 𝜀)/(x1, x2) ∈ (0, 1)2}.

Malakhova-Ziablova, Panasenko, Stavre Viscous fluid-3D thin plate interaction Inter’Actions-2014 2 / 19



Description of the physical problem

We consider that
the interaction problem takes place
in an infinite layer R2 × (−1, 𝜀),
it is 1-periodic with respect to
x1, x2.

The periodicity domains for the fluid and
for the elastic layer respectively are{︂

D− = (0, 1) × (0, 1) × (−1, 0),
D+

𝜀 = (0, 1) × (0, 1) × (0, 𝜀)

The boundaries which do not correspond
to the periodicity conditions are⎧⎪⎨⎪⎩

Γ− = {(x1, x2,−1)/(x1, x2) ∈ (0, 1)2},
Γ0 = {(x1, x2, 0)/(x1, x2) ∈ (0, 1)2},
Γ+
𝜀 = {(x1, x2, 𝜀)/(x1, x2) ∈ (0, 1)2}.

Malakhova-Ziablova, Panasenko, Stavre Viscous fluid-3D thin plate interaction Inter’Actions-2014 2 / 19



Description of the physical problem

We consider that
the interaction problem takes place
in an infinite layer R2 × (−1, 𝜀),
it is 1-periodic with respect to
x1, x2.

The periodicity domains for the fluid and
for the elastic layer respectively are{︂

D− = (0, 1) × (0, 1) × (−1, 0),
D+

𝜀 = (0, 1) × (0, 1) × (0, 𝜀)

The boundaries which do not correspond
to the periodicity conditions are⎧⎪⎨⎪⎩

Γ− = {(x1, x2,−1)/(x1, x2) ∈ (0, 1)2},
Γ0 = {(x1, x2, 0)/(x1, x2) ∈ (0, 1)2},
Γ+
𝜀 = {(x1, x2, 𝜀)/(x1, x2) ∈ (0, 1)2}.

Malakhova-Ziablova, Panasenko, Stavre Viscous fluid-3D thin plate interaction Inter’Actions-2014 2 / 19



Properties for the data

Elastic medium

Density 𝜀−1𝜌+(𝜉3), ∃𝛼, 𝛽 > 0 : 𝛼 ≤ 𝜌+(𝜉3) ≤ 𝛽,
matrix-valued coefficients 𝜀−3Aij(𝜉3), i , j ∈ {1, 2, 3},
Young’s modulus 𝜀−3E (𝜉3), E = 𝒪(1),
Poisson’s coefficient 𝜈(𝜉3),
with 𝜉3 =

x3

𝜀
.

Viscous fluid
Density 𝜌− and
viscosity 𝜈.

The matrices Aij = (aklij )1≤k,l≤3 are defined by

aklij =
E

2(1 + 𝜈)

(︂
2𝜈

1 − 2𝜈
𝛿ik𝛿jl +𝛿ij𝛿kl +𝛿il𝛿jk

)︂
with the properties:

(i) aklij (𝜉3) = ailkj(𝜉3) = alkji (𝜉3), ∀ i , j , k , l ∈ {1, 2, 3}, ∀𝜉3 ∈ [0, 1],

(ii) ∃ 𝜅 > 0 :
3∑︁

i,j,k,l=1

aklij (𝜉3)𝜂lj𝜂
k
i ≥ 𝜅

3∑︁
j,l=1

(𝜂lj )
2, ∀𝜉3 ∈ [0, 1],

∀𝜂 = (𝜂lj )1≤j,l≤3, with 𝜂lj = 𝜂jl .
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Motivation

Interaction between
blood in the vessels and vascular wall,
Earth crust and Earth mantle.

G. P. Panasenko and R. Stavre.
Asymptotic analysis of a viscous fluid-thin plate interaction: periodic flow.
C.R.Mécanique, 340 (2012) 590–595.

A. Mikelic, S. Canic
Effective equations describing the flow of a viscous incompressible fluid
through a long elastic tube
Comptes Rendus Mechanique Acad. Sci. Paris, 330 (2002) 661–666.

S. Canic, A. Mikelic
Effective equations modeling the flow of a viscous incompressible fluid through
a long elastic tube arising in the study of blood flow through small arteries
SIAM J. Appl. Dyn. Sys., 2 (3) (2003) 431–463.
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Description of the physical problem (continuation)

The notations for the velocity strain tensor and the linearized strain tensor are

D(v) =
1
2

(∇v + (∇v)T ), ℰ(𝜙) =
1
2
(︀
∇𝜙+ (∇𝜙)T

)︀
. (1)

We also know the forces g and f which act on the elastic medium and on the
fluid, respectively, with the regularity⎧⎪⎨⎪⎩

𝜌+, aklij ∈ L∞(0, 1), i , j , k , l ∈ {1, 2, 3},
g ∈ H1(0,T ; (L2(D+

𝜀 ))3), f ∈ H1(0,T ; (L2(D−))3),

g, f 1 − periodic in x1, x2.

(2)

The unknowns
u𝜀, representing the displacement of the elastic medium,
v𝜀, p𝜀, representing the velocity and the pressure of the viscous fluid,
respectively.
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Statement of the problem

We consider the following coupled system which describes the fluid-elastic layer
interaction problem in R2 × (−1, 𝜀) × (0,T ), with T a positive given constant⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝜀−1𝜌+
𝜕2u𝜀

𝜕t2
− 𝜀−3

3∑︁
i,j=1

𝜕

𝜕xi

(︂
Aij

𝜕u𝜀

𝜕xj

)︂
= 𝜀−1g in D+

𝜀 × (0,T ),

𝜌−
𝜕v𝜀
𝜕t

− 2𝜈 div (D(v𝜀)) + ∇p𝜀 = f, div v𝜀 = 0 in D− × (0,T ),

3∑︁
j=1

A3j
𝜕u𝜀

𝜕xj
= 0 on Γ+

𝜀 × (0,T ),

v𝜀 = 0 on Γ− × (0,T ),

v𝜀 =
𝜕u𝜀

𝜕t
, −p𝜀e3 + 2𝜈D(v𝜀)e3 = 𝜀−3

3∑︁
j=1

A3j
𝜕u𝜀

𝜕xj
on Γ0 × (0,T ),

u𝜀, v𝜀, p𝜀 1 − periodic in x1, x2,

u𝜀(0) =
𝜕u𝜀

𝜕t
(0) = 0 in D+

𝜀 , v𝜀(0) = 0 in D−.

(3)
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Variational analysis of the problem
Spaces

We define the spaces which allow us to introduce and study the coupled problem
(3) from a variational viewpoint:⎧⎨⎩U ={𝜙 ∈ (H1(D+

𝜀 ))3⧸︀∫︁
(0,1)2

𝜙3(x1, x2, 0) dx1dx2 = 0, 𝜙 1 − periodic in x1, x2},

V={𝜔∈(H1(D−))3⧸︀div𝜔 = 0, 𝜔 = 0 on Γ−, 𝜔 1−periodic in x1, x2}.
(4)

We also define the auxiliary spaces{︂
V0 = {𝜔 ∈ V / 𝜔 = 0 on Γ0},
S = {(𝜙,𝜔) ∈ U × V /𝜙 = 𝜔 on Γ0}. (5)

Finally, we define the spaces for the unknowns u𝜀 and v𝜀⎧⎪⎨⎪⎩ Hu = {𝜙 ∈ H1(0,T ;U)
⧸︀ 𝜕2𝜙

𝜕t2
∈ L2(0,T ;U ′)},

Hv = {𝜔 ∈ L2(0,T ;V )
⧸︀ 𝜕𝜔

𝜕t
∈ L2(0,T ;V ′)}.

(6)
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Variational analysis of the problem
Variational formulation

We consider the following variational problem⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Find (u𝜀, v𝜀) ∈ Hu × Hv such that

𝜀−1 d
dt

∫︁
D+

𝜀

𝜌+

(︁x3

𝜀

)︁𝜕u𝜀(t)

𝜕t
·𝜙+𝜀−3

∫︁
D+

𝜀

3∑︁
i,j=1

Aij

(︁x3

𝜀

)︁𝜕u𝜀(t)

𝜕xj
· 𝜕𝜙
𝜕xi

+𝜌−
d
dt

∫︁
D−

v𝜀(t)· 𝜔 + 2𝜈
∫︁
D−

D(v𝜀(t)) : D(𝜔)

= 𝜀−1
∫︁
D+

𝜀

g(t) ·𝜙+

∫︁
D−

f(t) · 𝜔 ∀(𝜙,𝜔) ∈ S , a.e. in (0,T ),

v𝜀 =
𝜕u𝜀

𝜕t
a.e. on Γ0 × (0,T ),

u𝜀(0) =
𝜕u𝜀

𝜕t
(0) = 0 a.e. in D+

𝜀 , v𝜀(0) = 0 a.e. in D−.

(7)
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Variational analysis of the problem
Galerkin’s method

By means of the sequences {𝜔k}k∈N ⊂ V0 and {(𝜙l ,𝜓l)}l∈N ⊂ S , we define the
approximations for the displacement and for the velocity by⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

un(x , t) =
n∑︁

l=1

bl(t)𝜙l(x1, x2, x3), for (x , t) ∈ D+
𝜀 × (0,T ),

vmn (x , t) =
m∑︁

k=1

ak(t)𝜔k(x1, x2, x3)+
n∑︁

l=1

b′l (t)𝜓l(x1, x2, x3), for (x , t)∈D−×(0,T ).

(8)

The unknowns of the previous definitions, the functions ak , bl : [0,T ] ↦→ R, are
determined from the problem (the variational problem (7) written for the test

functions {(𝜙l ,𝜓l)}l∈N with 𝜓l = 𝜙l on Γ0 and the variational formulation for
the equation (3)2 with the test function {𝜔k}k∈N vanishing on Γ0).
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Variational analysis of the problem (results)

Theorem 1

The problem(7)has a unique solution, (u𝜀,v𝜀). For the data with the regularity
given by (2) we obtain for the unknowns the properties

𝜕2u𝜀

𝜕t2
∈ L∞(0,T ; (L2(D+

𝜀 ))3),
𝜕v𝜀
𝜕t

∈ L∞(0,T ; (L2(D−))3). (9)

Theorem 2

Let (u𝜀, v𝜀) be the unique solution of (7). Then we have the supplementary
regularity

3∑︁
i,j=1

𝜕

𝜕xi

(︀
Aij

𝜕u𝜀

𝜕xj

)︀
∈ L∞(0,T ; (L2(D+

𝜀 ))3), v𝜀 ∈ L∞(0,T ; (H2(D−))3) (10)

and there exists a unique function p𝜀 ∈ L2(0,T ;H1(D−)) such that the triplet
(u𝜀, v𝜀, p𝜀) satisfies (3) in a classical sense. Moreover, the 1-periodicity in x1,x2 of
each unknown function corresponds to its regularity stated above.
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Asymptotic analysis of the problem
Hypothesis

For the asymptotic approach of the problem we need further regularity for the
data. We suppose that

(H1) 𝜌+ and aklij are piecewise smooth functions on [0, 1];

(H2) the function g is independent of x3
and g ∈ C∞([0,T ], (C∞

per ([0, 1]))3);

(H3) the function f is C∞ 1-periodic in x1, x2

and
𝜕 l f

𝜕xi1 . . . 𝜕xil
∈ C∞([0,T ], (L2(D−))3), for any l ∈ N,

i = (i1, . . . , il), ij ∈ {1, 2}, |i | = l ;

(H4)
∃𝜏0 < T such that f = 0 in D− × [0, 𝜏0], g = 0 in [0, 1] × [0, 𝜏0].
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Asymptotic analysis of the problem
Ideas

We introduce the following notation for the left hand side of (3)1

P𝜀u𝜀 = 𝜀−1𝜌+

(︁x3

𝜀

)︁ 𝜕2u𝜀

𝜕t2
− 𝜀−3

3∑︁
i,j=1

𝜕

𝜕xi

(︂
Aij

(︁x3

𝜀

)︁ 𝜕u𝜀

𝜕xj

)︂
. (11)

The chain rule gives

P𝜀u𝜀 = 𝜀−1𝜌+(𝜉3)
𝜕2u𝜀

𝜕t2
− 𝜀−3

3∑︁
i,j=1

𝜕

𝜕xi

(︂
Aij(𝜉3)

𝜕u𝜀

𝜕xj

)︂

−𝜀−4
3∑︁

i,j=1

𝜕

𝜕xi

(︂
Aij(𝜉3)

𝜕u𝜀

𝜕𝜉j

)︂
− 𝜀−4

3∑︁
i,j=1

𝜕

𝜕𝜉i

(︂
Aij(𝜉3)

𝜕u𝜀

𝜕xj

)︂

−𝜀−5
3∑︁

i,j=1

𝜕

𝜕𝜉i

(︂
Aij(𝜉3)

𝜕u𝜀

𝜕𝜉j

)︂
. u𝜀 ⇒ u(J)

𝜀
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Asymptotic analysis of the problem
Solution

u𝜀
(J)(x1, x2, x3, t) =

J∑︁
q+l=0

𝜀q+l
∑︁
i :|i|=l

ij∈{1,2}

Nq, i1...il

(︁x3

𝜀

)︁ 𝜕q+lw𝜀
(J)(x1, x2, t)

𝜕tq𝜕xi1 . . . 𝜕xil

+
J∑︁

q+l=0

𝜀q+l+2
∑︁
i :|i|=l

ij∈{1,2}

Mq, i1...il

(︁x3

𝜀

)︁ 𝜕q+l𝜓𝜀
(J)(x1, x2, t)

𝜕tq𝜕xi1 . . . 𝜕xil
in D+

𝜀 × (0,T ),

v(J)𝜀 (x , t) =
J∑︁

k=0

𝜀kvk(x , t), p(J)𝜀 (x , t) =
J∑︁

k=0

𝜀kpk(x , t) in D− × (0,T ),

𝜓(J)
𝜀 (x1, x2, t) = 2𝜈D(v(J)𝜀 (x1, x2, 0, t))e3 − p(J)𝜀 (x1, x2, 0, t)e3,

w𝜀
(J)(x1, x2, t) =

J∑︁
k=0

𝜀kwk(x1, x2, t), (x1, x2, t) ∈ (0, 1)2 × (0,T ),

(12)
with wk , vk , pk 1-periodic in x1, x2, for any k ∈ {0, 1, ..., J}.
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Asymptotic analysis of the problem
Solution

To determine the functions wk , vk , pk we define the new function

w̄(J)
𝜀 (x1, x2, t) = 𝜀−1

(︁
w(J)

𝜀 (x1, x2, t) · e1

)︁
e1

+ 𝜀−1
(︁
w(J)

𝜀 (x1, x2, t) · e2

)︁
e2 +

(︁
w(J)

𝜀 (x1, x2, t) · e3

)︁
e3.

(13)

We consider

w̄(J)
𝜀 =

J∑︁
k=−1

𝜀kw̄k(x1, x2, t), (14)

so that it gives⎧⎪⎨⎪⎩
(wk)1 = (w̄k−1)1,

(wk)2 = (w̄k−1)2,

(wk)3 = (w̄k)3 ∀ k ≥ 0.
(15)
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Asymptotic analysis of the problem
Leading term

The leading term of the asymptotic solution (12) is determined from⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⟨𝜌+⟩
𝜕2(w0)3

𝜕t2
+ ˆ̂J∆2(w0)3 − p0

⧸︁
x3=0

= g3 in (0, 1)2 × (0,T ),

𝜌−
𝜕v0

𝜕t
− 𝜈∆v0 + ∇p0 = f,

div v0 = 0 in D− × (0,T ),

v0(x1, x2,−1, t) = 0 in (0, 1)2 × (0,T ),

v0(x1, x2, 0, t) = (c ′−1)1(t)e1 + (c ′−1)2(t)e2 +
𝜕(w0)3

𝜕t
(x1, x2, t)e3

in (0, 1)2 × (0,T ),

(w0)3, v0, p0 1 − periodic in x1, x2,

v0(x1, x2, x3, 0) = 0 in D−; (w0)3(x1, x2, 0) =
𝜕(w0)3

𝜕t
(x1, x2, 0) = 0 in (0, 1)2,

(16)

where ˆ̂J is strictly positive constant, ck = ⟨w̄k⟩, ⟨(w0)3⟩ = 0.
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Asymptotic analysis of the problem
Discussion

For k = −1: (c−1)1,2 = (w̄−1)1,2, on the one hand,
and (w0)1,2 = (w̄−1)1,2, (w0)3 = (w̄0)3, on the other hand.

So the coupling condition (16)5 can be written as

v0 =
𝜕w0

𝜕t
on Γ0. (17)

Main points for construction of the functions wk , vk , pk by induction:
(w̄−1)1,2 with satisfy the system of elasticity theory with constant coefficients
(homogenized coefficients) and the zero right-hand side:⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

Ê1
𝜕2(w̄−1)1

𝜕x2
1

+ Ê3
𝜕2(w̄−1)2

𝜕x1𝜕x2
+ Ê2

𝜕2(w̄−1)1

𝜕x2
2

= 0,

Ê2
𝜕2(w̄−1)2

𝜕x2
1

+ Ê3
𝜕2(w̄−1)1

𝜕x1𝜕x2
+ Ê1

𝜕2(w̄−1)2

𝜕x2
2

= 0,

w̄−1 1-periodic in x1, x2,

(18)
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Asymptotic analysis of the problem
Discussion (continuation)

the triplet ((w0)3, v0, p0) and (w̄0)1,2 as a consequence,
etc.
the triplet ((wk)3, vk , pk) is determined from the system like (16) with the

coupling condition containing
𝜕(w̄k−1)1,2

𝜕t
,

knowing the (w̄k−1)1,2 as the solution of the system like (18):⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ê1
𝜕2(w̄k)1

𝜕x2
1

+ Ê3
𝜕2(w̄k)2

𝜕x1𝜕x2
+ Ê2

𝜕2(w̄k)1

𝜕x2
2

= −(yk)1,

Ê2
𝜕2(w̄k)2

𝜕x2
1

+ Ê3
𝜕2(w̄k)1

𝜕x1𝜕x2
+ Ê1

𝜕2(w̄k)2

𝜕x2
2

= −(yk)2,

yk = ˆ̂E1∇
(︀
∆(wk)3

)︀
+ g𝛿k1 − Rk−1,

w̄k 1-periodic in x1, x2, k > −1,

(19)

where the terms Rk−1, depend on the functions (w̄k′−1)1, (w̄k′−1)2, (wk′)3,
vk′ , pk′ and their derivatives, with k ′ ≤ k − 1.
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Summary

Thank you for your attention!
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