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Description of the physical problem

We consider that
o the interaction problem takes place
in an infinite layer R? x (—1,¢),

o it is 1-periodic with respect to
X1,X2.
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Description of the physical problem

We consider that
o the interaction problem takes place
in an infinite layer R? x (—1,¢),
o it is 1-periodic with respect to
X1,X2.
The periodicity domains for the fluid and
for the elastic layer respectively are

D- = (0,1) x (0,1) x (—1,0),
{D+(0,1) % (0,1) x (0,¢)

The boundaries which do not correspond
to the periodicity conditions are

M~ = {(x, %, -1)/(x1, %) € (0,1)°},
M0 = {(x1,x,0)/(x1, %) € (0,1)2},
M ={(x,x,)/(x, %) € (0,1)}.
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Properties for the data

Elastic medium

Density e~ 'p; (&), 3o, >0 a < py(&3) < B,
matrix-valued coefficients e 3A;(&), i,/ € {1,2,3},
Young's modulus e 73E(&3), E = O(1),

Poisson’s coefficient v/(£3),
with &5 = 2
€
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Properties for the data

Elastic medium

Density e~ 'p; (&), 3o, >0 a < py(&3) < B,

matrix-valued coefficients e 3A;(&), i,/ € {1,2,3}, Viscous fluid

Young's modulus e 73E(&3), E = O(1), D.ensi1fy p- and
Poisson’s coefficient v/(£3), viscosity 7.

. X3
with &5 = —.

The matrices Ajj= (a,’-‘j’)lgmgg are defined by

E 2
agj 4 ) (1 :/2” (5ik5j,+<5,~1~6k/+5;/6jk) with the properties:
(i) afj-’(§3) = akj(§3) a”‘(€3) Vi, J, k, /e {1,2,3}, V& € [0, 1],
(i)Ik>0: Z 77]7], >/£Z 77J 2 V& €0,1],
i k,I=1 =i

v = (n})lg,-,/g3, with ! = 7.
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Motivation

Interaction between
o blood in the vessels and vascular wall,

o Earth crust and Earth mantle.

@ G. P. Panasenko and R. Stavre.
Asymptotic analysis of a viscous fluid-thin plate interaction: periodic flow.
C.R.Mécanique, 340 (2012) 590-595.

[ A. Mikelic, S. Canic
Effective equations describing the flow of a viscous incompressible fluid
through a long elastic tube
Comptes Rendus Mechanique Acad. Sci. Paris, 330 (2002) 661-666.

(5 S. Canic, A. Mikelic
Effective equations modeling the flow of a viscous incompressible fluid through
a long elastic tube arising in the study of blood flow through small arteries
SIAM J. Appl. Dyn. Sys., 2 (3) (2003) 431-463.
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Description of the physical problem (continuation)

The notations for the velocity strain tensor and the linearized strain tensor are

&

D(v) = 5(Vv+(VW)7), £(¢) = 5

(Voo + (Ve)T). (1)

We also know the forces g and f which act on the elastic medium and on the
fluid, respectively, with the regularity

P+ al,'(jl € LOO(Oa 1)7 iv.ja k7/ € {1a2a3}a
SRR (D))°), f < ANGEER(D " })°), (2)

g, f 1 — periodic in x1, Xo.
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Description of the physical problem (continuation)

The notations for the velocity strain tensor and the linearized strain tensor are

&

D(v) = 5(Vv +(V)7), £(¢) = 2 (Vo + (Vo)) . (1)

We also know the forces g and f which act on the elastic medium and on the
fluid, respectively, with the regularity

P+ al,'(jl € LOO(Oa 1)7 ivja k7/ € {1a2a3}a
SRR (D))°), f < ANGEER(D " })°), (2)

g, f 1 — periodic in x1, Xo.

The unknowns
o u., representing the displacement of the elastic medium,

o V., p., representing the velocity and the pressure of the viscous fluid,
respectively.
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Statement of the problem

We consider the following coupled system which describes the fluid-elastic layer
interaction problem in R? x (—1 g) x (0, T), with T a positive given constant

0?u du
—1 E —3 e -1 0 +
€ P E 8X, ( ) =e¢ g in DI x(0,T),

oy aava —20div(D(v:)) + Vp. =f, divv. =0 in D™ x (0, T),
ZA3J o =0on ! x(0,7),

=1 (3)
v.=0on Tl x(0,7),

v = . —p-e3 + 20D(v.)e; = ZAsj 8u5 on I x (0, T),

ot ’
J=il
Ug, Ve, p- 1 — periodic in xq, xo,

8"5 =(0)=0 in Df,v.(0) =0 in D

u.(0) =
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Variational analysis of the problem

Spaces

We define the spaces which allow us to introduce and study the coupled problem
(3) from a variational viewpoint:

U={p € (Hl(Dj))3// ©3(x1,x2,0)dxydxe =0, ¢ 1 — periodic in xq, %o},
(0,1)2

V={we(HY(D))*/divw =0, w =0 on I, w 1—periodic in x1, x}.
(4)
We also define the auxiliary spaces
VOZ{QJGV/WZOOH ro}, (5)
S={(p,w) e Ux V/o=won T}

Finally, we define the spaces for the unknowns u. and v,

1 62(’0 2 !
Hy, = {p € H'(0, T; U)/ —= € L[?(0, T; U")},

o2 (6)
H, = {w € [*(0, T;V)/ e = RONG: V')
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Variational analysis of the problem

Variational formulation

We consider the following variational problem

Find (ue,v.) € H, x H, such that

d x3\ Oug( ) 9
=1 Y 3 5 — ¥
i (DT e Z“ B .
d
sy w+zy/ D(v.(t)) : D)
~dt D~
£ E_l/ g(t) o+ f(t)-w V(p,w)€S, ae. in (0,T),
DZ D~
V. = ol a.e. on % x (0, T),

ot
u.(0) = 5’;(0) — 0 ae in DY, v.(0) =0 a.e. in D

' Viscous fluid-3D thin plate interaction
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Variational analysis of the problem

Galerkin's method

By means of the sequences {w}ken C Vo and {(w), %))} ,cy € S . we define the
approximations for the displacement and for the velocity by

u,(x, t) = Z bi(t)p,(x1, x2,x3), for (x,t) € DI x (0, T),

=1
v(x, t) = ak(t)wk(X17X2aX3)+Z bi(t)ah(x1, %2, x3), for (x,t)€D™x (0, T).

k=1 =1
(8)

The unknowns of the previous definitions, the functions ax, by : [0, T] — R, are
determined from the problem (the variational problem (7) written for the test
functions {(¢;,%,)},cy With ¥, = ¢, on I and the variational formulation for
the equation (3)2 with the test function {wy}xen vanishing on ).
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Variational analysis of the problem (results)

Theorem 1

The problem (7) has a unique solution, (u.,v.). For the data with the regularity
given by (2) we obtain for the unknowns the properties

ov,
ot

Pue 10, T (L3(DF)))

3 € L>=(0, T; (L*(D7))?). (9)
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Variational analysis of the problem (results)

Theorem 1

The problem (7) has a unique solution, (u.,v.). For the data with the regularity
given by (2) we obtain for the unknowns the properties

2
aat"; € L0, T; (L3(DF))?), % € L>(0, T; (L*(D7))3). (9)

Theorem 2

Let (u,v:) be the unique solution of (7). Then we have the supplementary
regularity

3

> %(AU%) € L(0, T; (L3(DX))?), ve € L(0, T; (HA(D7))*)  (10)

ij=1
and there exists a unique function p. € L2(0, T; H(D~)) such that the triplet
(ug, ve, po) satisfies (3) in a classical sense. Moreover, the 1-periodicity in x1,xo of
each unknown function corresponds to its regularity stated above.
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Asymptotic analysis of the problem

Hypothesis

For the asymptotic approach of the problem we need further regularity for the
data. We suppose that

(H1) p+ and a !are piecewise smooth functions on [0, 1];

(H2) the function g is mdependent of x3
and g € C*([0, T], (G ([0, 11)%):

(H3) the function f is C*° 1-periodic in xi, xo

o't " 2
andmeC ([0, T], (L2(D7))3), for any | € N,
I (1, 21 i= 1
(H4)

379 < T such that f =0in D~ % [0,70], g =0 in [0, 1] x [0, 70].
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Asymptotic analysis of the problem

Ideas

We introduce the following notation for the left hand side of (3);

P, =e1p, ( : ) 88:25 - Jzi:l a% (A,j (?) g‘)’;) : (11)

The chain rule gives

.
P.u. = 'p, (&) 5:2 = 32 (u(fs )

= 1
= Ou
J : \ @ 9 (4. du.
,le < fj) % ’Jz::l IE; ( i(€3) axj)
=5 8u ) 0
IJZI o&; < 8@ s =
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Asymptotic analysis of the problem

Solution

J
X3 6q+IW (J)(X17X27 t)
Ua(J)(XlaX27X37 t) = Z G Z Na, i .. (;) 8t‘73€X' x;
iy - OXj

q+1=0 iili|=1
ije{1,2}
P, oy ()
q+1+2 | k ﬁ aq wa (Xla X2, t) 5 o
I Z € Z Mg, iy..i ( 3 ) Bt90%, ... Ox; in DI x (0, T),
q+/=0 ix|i|=1
je{1,2}
J
v (x, t) ZE vi(x, 1), pY(x,t)= Z&:kpk(x, t)in D~ x (0, T),

k=0
P (x1, %0, f) = 20D(vY) (31, %2, 0, t))es — pP)(x1, 32,0, t)es,

€
J
Ws X17X27 o~ Z € W X13X27 7 (X17X27 t) S (07 1)2 X (Ov T)v
k=0

(12)

with wy, vk, px 1-periodic in xi, x2, for any k € {0,1,..., J}.
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Asymptotic analysis of the problem

Solution

To determine the functions wy, vk, px we define the new function
W (xi, %0, t) =7} (WgJ)(XLXz, t)- el) e;
b <W§J)(x1,x27 t) - ez) e + (ng)(xl,xz, t) - e3> es.
We consider
J
Wg") = Z Ekv_\lk(Xl,Xz, t),
k=—1

so that it gives

(Wi)1 = (Wi—1)1,
(Wk)2 = (Wi—1)2,
(Wk)3 = (V_Vk)3 YV k Z 0.
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Asymptotic analysis of the problem

Leading term

The leading term of the asymptotic solution (12) is determined from

82(W0)3 e P ; 2
(P4) o JA(wo)3 — PO/ =g3 in (0,1)* x (0, T),
) X
P2 — o + Vo =,
divvg =0 in D~ x (0, T),
VO(X17X27 713 t) = 0 in (O? 1)2 X (Ov T)7
o / d(wo)3
Vo(x1,x2,0,t) = (c_q)1(t)er + (c_q)2(t)e2 + T(XMQ, t)es

in (0, 1)2 x (0, T),
(Wo)3, Vo, po 1 — periodic in xi, xo,

wo)3

T(XI;X%O) =0in (0> 1)23

(16)

Vo(x1,%2,x3,0) =0 1in D~ ; (wp)3(x1, x2,0) =

where J is strictly positive constant, cx = (Wy), ((wo)3s) = 0.
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Asymptotic analysis of the problem

Discussion

For k = —1: (c—1)1,2 = (W—1)12, on the one hand,
and (wp)1,2 = (W—1)1,2, (wo)3 = (Wp)3, on the other hand.
So the coupling condition (16)s can be written as

8W0
Vo= —— on [g. 17
@ 0 (17)
Main points for construction of the functions wy, vk, px by induction:

0 (w_1)1,2 with satisfy the system of elasticity theory with constant coefficients
(homogenized coefficients) and the zero right-hand side:

R - 0 (7). W (e da

a2 3 Bx10x Ox3

p P(W_1)o | p OP(W-1)1 | p P(W_1)2 (18)
E E E =0

2 8X12 g cs 8X18X2 g 6X22 v

wW_; l-periodic in xi, X2,
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Asymptotic analysis of the problem

Discussion (continuation)

©

the triplet ((wp)s, Vo, po) and (#p)1,2 as a consequence,
etc.
the triplet ((wk)s, Vk, pk) is determined from the system like (16) with the
O(Wk—1)1,2
ot
knowing the (wx_1)1,2 as the solution of the system like (18):

~ 82(V_Vk)1 i E 32(V_Vk)2 A E 82(v‘vk)1

©

(]

coupling condition containing

(+]

E Ox? 3 Ox10x2 2 0x3 =)
L BR(W) | P s P2
B . W (19)

yi = EV(A(wWk)3) + g0k — Re—1,
wy l-periodic in xq,x0, k > —1,

where the terms Ri_1, depend on the functions (wix/—1)1, (Wkr—1)2, (Wk/)3,
Vi, pxr and their derivatives, with k€’ < k — 1.
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Summary

Thank you for your attention!
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